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Abstract 
The necessary conditions for the existence of a resolvable BIBD RB(k,k v) are L(u-1)~ 
O(modk- I), IIJ(V- l)=O(modk(k-1)) and v=O(modk). We show that these conditions are suffi- 
cient for k= 5 and 1=4, with one exception and at most 73 possible exceptions. 
1. Introduction 
A balanced incomplete block design (BIBD) B(k, A; u) is a pair (X, d) where X is 
a v-set and d is a set of k-subsets of X called blocks such that each 2-subset of X is 
contained in exactly 1 blocks. A BIBD (X, &) is resolvable if there exists a partition of 
its set of blocks d into subsets called parallel classes each of which in turn partitions 
X. Trivial necessary conditions for the existence of a resolvable BIBD (RBIBD) 
RB(k, 1; u) are 
n(o- l)=O(mod k- 1); 
Iu(v-l)=O(modk(k-1)); 
u = 0 (mod k). 
These conditions are known [lS] to be sufficient for k= 5 and 1= 1 with 113 
possible exceptions. Recently, P. Schellenberg has obtained three new RB(5,l; u)s for 
u = 805,905 and 1505 by using certain difference families. M. Greig found a B(6,l; 246) 
which implies the existence of an RB(5,l; 985). Therefore, there are 109 unsolved cases 
now (see Appendix A). 
Correspondence to: Ying Miao, Mathematics Teaching-Research Section, Suzhou Institute of Silk 
Textile Technology, Suzhou, 215005, China. 
0012-365X/94/$07.00 @ 1994-Elsevier Science B.V. All rights reserved 
SSDI 0012-365X(92)00455-5 
284 Y. Miao 
Table 1 
15 35 40 45 50 60 70 75 90 95 110 135 
140 160 165 185 190 195 200 215 230 235 240 245 
250 255 270 285 290 295 310 315 335 345 350 360 
370 395 410 415 435 440 460 470 490 515 535 540 
550 560 565 570 580 585 590 615 635 640 645 660 
670 675 695 700 1095 1140 1185 1235 1250 1335 1410 1485 
1535 
It is our purpose here to investigate the case k = 5 and 1= 4, and to show that the 
necessary condition, namely u-0 (mod 5), is also sufficient with one exception of 
u= 10 and at most 73 possible exceptions of u which are shown in Table 1. 
2. Preliminaries 
In this section, we present a brief description of some concepts and preliminary 
results; the interested reader is referred to [l, 9,143 for more details. 
Let (X, a) be a BIBD. If a set of points YGX has the property that, for each AE~, 
either 1 Yn Al < 1 or A E Y, then we say that Y is ,a subdesign or jut of the BIBD. An 
RB(k, 1; w) is a subsystem of an RB(k, Iz; u) if the parallel classes of the RB(k, I; w) are 
induced by the parallel classes of the RB(k, 1; u). Let RB,(k, I; u) be an RB(k, A; u) 
containing a sub-RB(k, k w), and RB,(k, A)= {u: there exists an RB,(k, Iz; u)}. If we 
remove the sub-RB(k, 1; w) from the RB(k, 1; u), leaving a hole, we obtain an incom- 
plete system IRB (k, 1; u, w). Suppose we have an RB(k,1; u) which contains sub- 
RB(k, 1; wJ and sub-RB(k, 4 w2) which intersect in a sub-RB(k, I; w3). If we remove 
the subsystems, we obtain an incomplete system which is denoted by 0-IRB 
(k, 1; a; ~1, wz; ~3). 
An incomplete group diuisible design (IGDD) is a quadruple (X, Y, 9, &) which 
satisfies the following properties: 
(1) X is a set of points, and YG X; 
(2) 99 is a partition of X into groups; 
(3) J&’ is a set of blocks, each of which intersects each group in at most one point; 
(4) no block contains two members of Y; 
(5) every pair of points {x, y} from distinct groups, such that at least one of x, y is in 
X- Y, occurs in precisely 3, blocks of d. 
We say that an IGDD (X, Y, 9, SB) is a (K, A)-IGDD if 1 AJEK for each AE~. The 
type of the IGDD is defined to be the multiset of ordered pairs { (( GI, ( G n Y I): GM}. 
We also use an ‘exponential notation to describe types. Note that if Y= 8, then the 
IGDD is a GDD. A GDD (X, 9, a) is said to be resoluable (RGDD) if its set of blocks 
& can be partitioned into parallel classes each of which partitions X. 
An incomplete transversal design (ITD) TD(k, n) -TD(k, m) is a (k, l)-IGDD of 
type (n, m)“. If m = 0, the ITD becomes a TD(k, n), which is equivalent o k - 2 mutually 
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orthogonal latin squares (MOLS) of order n. An RTD(k, A; m) is a (k, 2) - RGDD of 
type mk. 
We shall need some ITDs given in [3,13]. 
Lemma 2.1. Suppose there exist a TD(k, m), a TD(k,m+ l), a TD(k+ 1, t), and 
O<u<t. Then there exists a TD(k,mt +u)-TD(k, u). 
Lemma 2.2. Suppose there exist a TD(k, m), a TD(k, m+ l), a TD(k, m+ 2), a 
TD(k+2, t), a TD(k, u), and O<u, u< t. Then there exists a TD(k, mt +u+u)- 
TD(k, u). 
Lemma 2.3. Suppose there exist a TD(k,m), a TD(k, m+ l), a TD(k,m+2), 
a TD(k+u+l,t), and a TD(k+l,m+u). Then there exists a TD(k,mt+u+u)- 
TD(k,u), where Ogu<t-1. 
Corollary 2.4. Suppose there exist a TD(8, t), a TD(6, k), where O<a, k< t. Then there 
exists a TD(6,7t + k + a) - TD(6, a). 
Corollary 2.5. Suppose there exist a TD(7+ w, t), a TD(6,m), a TD(6, m+ l), 
a TD(6, m + 2), and a TD(6, m + w). Then there exists a TD(6, mt + w + a) -TD (6, u)for 
O<a<t. 
We also use incomplete frames. An incomplete (K, A).)-frame is a (K, A)-IGDD 
(X, Y, Z, &) in which the set of blocks &’ can be partitioned into holey parallel 
classes, each of which is a partition of X-H, for some HE%, or a partition of 
X-(H u Y) for some HE%. It can be shown that for each hole H, there are 
11 H n Yl/(k- 1) holey parallel classes which partition X-(H u Y), and 
I(H- Y(/(k- 1) holey parallel classes which partition X-H. If Y=@, then the 
incomplete (K, ;l)-frame is a (K, ;l)-frame. Remember that the type of an incomplete 
(K, A)-frame is the type of the underlying (K, A)--JGDD. 
The following three lemmas are slight generalizations of those in [9, 111. 
Lemma 2.6 (Fundamental frame construction). Suppose (X, Y, 3, &) is an IGDD 
with A = 1, and let w : X+Z + u (0) be a function. For each AE~, suppose that we have 
a (k, I)-frame of type {w(x): XEA}. Then there exists an incomplete (k, I)-frame of type 
{(Lo w(x), CxsonYw(x)): G4. 
Lemma 2.7 (Inflation by TDs). Suppose there is a (k, @frame of type T, and an 
incomplete resolvable TD RTD (k, m)- RTD (k, m’). Then there is an incomplete (k, A)- 
frame of type { (mt, m’t): t E T}. 
Lemma 2.8 (Filling in holes). Suppose there is a (k, ;l)-frame of type (tI, t2, . . . , t,>, and 
let E 2 0. For 1~ i < n, suppose there is a (k, &frame of type Z v {E), where C,, Ti t = ti. 
Then there is a (k, &frame of type Uy= 1 T~u {E}. 
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A BIBD B(k, k - 1; v) is said to be almost resolvable, denoted by AR(k, v), if its blocks 
can be partitioned into some almost parallel classes each of which partitions X - {x} 
for some XEX (x is called a singleton). Notice that an AR(k, v) is also a (k, k - l)-frame 
of type 1”. We proved in [7,16] the following results. 
Lemma 2.9. An AR (5, v) exists whenever v E 1 (mod 5) with at most 8 possible excep- 
tions ofv=46,51,116,141,201,266,296, and 351. 
We also need some preliminary results on the existence of RB(5,4; v). 
Lemma 2.10. An RB(5,4;20) exists, but no RB(5,4; 10) exists. 
Proof. See [6]. 0 
Lemma 2.11. An RB5(5, 4; v) exists for each VE 5 (mod 20) with at most 109 possible 
exceptions shown in Appendix A. 
Proof. Take each RB(5,l; v) 4 copies. 0 
3. Construction from ARBIBD 
Now, we give the constructions of RBIBDs from almost resolvable BIBDs 
(ARBIBDs). 
Construction 3.1. Suppose there exist an AR(k,v) and an RB(k, k- 1; a), and 
N(u)> k- 1. Then there exists an RB(k, k- 1; uv) containing v pairwise-disjoint 
sub-RB(k, k - 1; U)S. 
Proof. Let (X, &) be an AR(k, v), (Y, &J) be an RB(k, k- 1; u), where X= {x1, x2, . . . , 
x,}, Y=(y,, y2, . . . . yU}. Let 2=Xx Y. 
For each AEd,‘we construct an RTD(k, u) on A x Y with groups {a} x Y, aEA, and 
parallel classes C,(A), 1 < i < U. Let Ci(&j) = UAEd, C,(A), 1 < i < U, 1 <j < v, where Ja, 
is the almost parallel class of (X, &), with singleton xi. Then let 
C(d)= U Ci(&j) and P=(XX.%)UC(~). 
lQi<u 
l<jQv 
It.is readily checked that (Z, p) is a B(k, k- 1; uv), which contains v pairwise-disjoint 
RB(k, k- 1; u)s as subdesigns. We are to prove that this BIBD is resolvable. 
Without loss of generality, we may assume C1 (al) = { { (aI, y,), (a2, yt+ 1), . . . , 
hh+k-d}: {al,a2,...,ak)~~~, 1 <t <u}, where t +i, the index of y, is taken 
modulo u. Let 9,(A)={{(aI,y,), (a2,yt+1), . . . . (ak,y,+k-I)}: t=m, k+m, 2k+m, ..,, 
(u-k)+m, A={aI,a2 ,..., ak)EzfI}, 1 <rn< k. Then the elements of 9,(A) are 
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pairwise-disjoint. Let 
Qk= u B and b,(A)= U dix{YjI. 
BE%l(A) (Xi. Yj)EOAln(A) 
Then I~~(A)n(Xx{Y,})l=l, l<s<u. Therefore, ~,(A)ub,(A) is a parallel class 
on 2. 
For 26i<u, we may assume Cr(di)={Ax {y]: YEY, AEdi). Since 
u gin(A)= CIWI), 
1GmCk 
AE.54, 
LJ B=W-{%I) x K 
BECl(.rdl) 





= U &ix {Yj} 
(xi,Yj)~(x-~~l))~y 
=2~cu &ix yy . . 
we have 
u Cl(di)=Cl(dl)” lJ Cltdi) 
1CiQu ( 2di6u > 
= l<v<l, ( 9m(A) U u (&ix r) . . >( 26i.50 > 
AEd, 
Hence Ul<i<vCl(di) can be partitioned into k. (u - 1)/k = u - 1 parallel classes on 2. 
Since 
P- U Cltdi)= IJ C({xi) xgj-l)ucj(di)19 
lSi<u l<i6u 
2SjQu 
where aj_ 1 is the parallel class of RB(k, k- 1; u), 1 <j-- 1 <<u - 1, and obviously 
<{Xi> x gj- l)U cj(di) is a parallel class on 2, we see that p - U 1 6 is v Cl (di) can be 
partitioned into u(u - 1) parallel classes on 2. Therefore, we obtain an RB (k, k - 1; uu), 
which contains u pairwise-disjoint RB(k, k- 1; u)s as its subsystems. 
Construction 3.2. Suppose there exist an AR(k, u) and an RB(k, k- 1; u), and 
N(u)> k- 1. Then there exists an RB(k, k- 1; uu) containing a sub-RB(k, k- 1; u). 
Proof. See [S]. 0 
Corollary 3.3. RB5(5, 4)~ (5 n: n=l(mod5), n#46,51,116,141,201,266,296,351}. 
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Proof. Apply Construction 3.1 with k =u= 5, the conclusion then follows from 
Lemma 2.9. 0 
Corollary 3.4. RB,,(5,4)?{ 120, 220, 320, 420, 520, 620, 720, 820, 1120, 1220, 1320, 
1420, 1520, 1620, 1720, 1820, 1920, 2020, 2120, 2420, 2520, 2620, 2720, 2920, 3020, 
3120, 3220, 3320, 3420, 3520, 3620, 3720, 3820, 3920, 4120, 4220, 4320, 4420, 4520, 
4620, 4720, 4820, 4920, 5020, 5120, 5220, 5420, 5520, 5620, 5720, 5820, 6020, 6120, 
6220, 6320, 6420, 6520,8220, 9320, 9420,9520,9620,9720, 2220,9220}. 
Proof. Apply Construction 3.1 with k = 5 and u = 20. Then the conclusion follows 
from N(20)>4 (see [12]) and Lemma 2.9. 0 
Corollary 3.5. RBz5(5, 4)3,{150, 275, 400, 525, 650, 775, 900, 1025, 1400, 1525, 1650, 
1775, 1900, 2025, 2150, 2275, 2400, 2525, 2650, 2775, 3025, 3150, 3275, 3400, 3650, 
3775, 3900, 4025, 4150, 4275, 4400, 4525, 4650, 4775, 4900, 5150, 5275, 5400, 5525, 
5650, 5775, 5900,6025,6150,6275, 6400, 6525, 8150,9275,9400,9525,9650}. 
Corollary 3.6. 390~RB,,(5,4), 480~RB,,(5,4), 510~RB~~(5,4), 1100~RB,,,(5,4), 
1590~RB.&5,4), 1595eRBrb5(5,4). 
Proof. 390=65.6, 480=30.16, 510=85.6, 1100=100.11, 1590=265.6, 1595=11.145. 
Apply Constructions 3.1 and 3.2. Cl 
4. Construction from BIBD with partial parallel class 
A subset of blocks in a BIBD is called a partial parallel class if the subset consists of 
pairwise-disjoint blocks. The following construction is a slight modification of [18, 
Theorem 2.11. 
Construction 4.1. Suppose (X, JG’) and (Y, 93) are an RB(k, 1; u) and a B(k, I; u), respec- 
tively. Suppose 9 can be partitioned into s disjoint partial parallel classes, where 
s < ,I(u + u - 2)/(k - 1). IfN(u) > k - 1, then there exists an RB(k, ;1, uu) containing u pair- 
wise-disjoint sub-RB(k, 1; u)s. 
If (Y, .!#) is an RB(k, ;1; u) in Construction 4.1, we can take each parallel class to be 
one partial parallel class, and then s = n(u - l)/(k - 1) < 1(u + u - 2)/(k - 1). So we have 
the following construction. 
Construction 4.2. Suppose (X, ~44) and (Y, 99) are an RB(k, 2; u) and an RB(k, 1; u), 
respectively. If N(u) > k - 1, then there exists an RB(k, 4 uu) which contains u pairwise- 
disjoint sub-RB(k, A; u)s. 
In order to use Construction 4.1, we need the following lemma. 
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Lemma 4.3. There exists a B(5,4; 15) whose blocks can be partitioned into 22 partial 
parallel classes. 
Proof. Using the design constructed in [4, Lemma 5.231, we exhibit a partition of the 
blocks into 22 partial parallel classes. The point set of the design is (2, u {WI}) x Z5. 
The first two partial parallel classes each contain the block {co} x Z5. The remaining 
partial parallel classes are given below: 
{{(co I), (m,4), (O>O), (1,2), (1,3)), {(o&2), (Q3), (LO), (0,4), (0, f)>> 
mod(2,5), 
{ {(% O), (0, O), (0, I), (0,4), (LO)}, { (a,2), (1, I), (1,2), (1,3), (032)) > 
mod( -, 5), 
{{(co> O), (0, O), (0,2), (0,3), (LO)}, ((co I), (1, I), (1,3), (1,4), (0, 1)) > 
mod( -, 5). Cl 
Corollary 4.4. Ifthere exists an RB(5,4; u) with u 3 9, then there exists an RB(5,4; 15~) 
containing a sub-RB(5,4; a). 
Proof. N(15) 2 4 [2]. The conclusion follows from Construction 4.1 and 
Lemma 4.3. 0 
Corollary 4.5. RB(5,4)?{300, 375, 450, 825, 975, 1200, 1275, 1575, 1950, 2325, 2700, 
3075, 3300, 3975, 4200, 4575, 4800, 4875, 4950, 5475, 5700, 5850, 6000, 6075, 6300, 
6375, 6450, 8175, 9300, 9375, 9450). 
Proof. Apply Corollary 4.4. The existence of the required RB(5,4; u) was proved in 
previous lemmas and corollaries. 0 
Corollary 4.6. 10O~RB,(5,4)nRB,,(5,4), 500~RB,,,-J5,4), 275~RB~,(5,4), 125~ 
RBzs(5,4), 1875~RB~,~(5,4), 2250~RB,,,(5,4)nRB,(5,4). 
Proof. 100=5.20, 500=5.100, 275=5.55, 125=5.25, 1875=5.375, 2250=5.450. Cl 
Corollary 4.7. 150O~RB(5,4). 
Proof. Apply Corollary 4.4 with u = 100. 0 
Corollary 4.8. {600,1600,1800,1 lOO} z RB(5,4). 
Proof. 600=6.100, 1600=16.100, 1800=6.300, 1100=11.100. Apply Construction 
3.1. 0 
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5. Construction by filling in boles 
We also construct RBIBD containing sub-RBIBD by filling in the holes of an 
incomplete frame with 0-IRBIBD. The following constructions are slight generaliz- 
ations of those in [9,11]. 
Construction 5.1 (Generalized filling in holes). Let b 2 a > 0. Suppose that thefollowing 
designs exist: 
(1) an incomplete (k,A)-frame of type {(t,, u,), (tl, uz), . . . , (t,, u.)>; 
(2) u 0-IRB (k, 1; ti+b; Ui+U, b; ~),for 1 <idn- 1; 
(3) an IRB (k, A t, + b, u, + a); 
(4) an RB (k,&u+u). 
Then there exists an RB(k, I; t + b) containing a sub-RB (k, A; u + a), where t =Cti, and 
U=CZJi* 
When u1=u2= ... =u.=O, u=b, we obtain the following construction. 
Construction 5.2 (Filling in holes). Let a > 0. Suppose that there exists a (k, Q-frame of 
type {tl, t2 , . . . , t.}; an RB(k, 2; ti+ a) containing a sub-RB(k, I; a), for 1 < i < n - 1; and 
an RB(k, 4 &+a). Then there exists an RB(k, I; t +a), where t =I ti, containing a sub- 
RB(k, 2; t, + a). 
As applications, we mention the product constructions. 
Construction 5.3 (Generalized singular indirect product). Suppose u, t, u, w, a and b are 
nonnegative integers such that b #O, 0 <b-u < v - w, and a < w < v. Suppose that the 
following designs exist: 
(1) an (k, Q-frame of type t”; 
(2) a TD(u, (a-b)/t)-TD (u,(w-u)/t); 
(3) a 0-IRB (k, i; u; w, b; a); 
(4) an IRB(k, 1; b, a); 
(5) an RB(k, k u(w - a) + a). 
Then there exists an RB(k, I; u(v - b) + b) containing a sub-RB(k, A; u(w - a) + a). 
When b=u, we obtain the following construction. 
Construction 5.4 (Singular indirect product). Suppose u, t, v, w and a are nonnegative 
integers such that 0 -C a < w f v. Suppose that the following designs exist: 
(1) a (k,&frume of type t”; 
(2) a TD(u, (v-u)/t)-TD(u,(w-u)/t); 
(3) an IRB(k, 1; v, w); 
(4) an RB(k, & u(w - a) + a). 
Then there exists an RB(k, 2; u(u - a) + a) containing a sub-RB(k, I; u(w - a) + a). 
When b = a = w, we obtain the following construction. 
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Construction 5.5 (Singular direct product). Suppose u, t, u and w are nonnegative 
integers such that 0 < w < v. Suppose that the following designs exist: 
(1) a (k,I)-frame of type t”; 
(2) a TWu, (v - w)lt); 
(3) an IRB(k, A; v, w); 
(4) an RB(k, A; w). 
Then there exists an RB(k, I;u(v- w)+ w) containing a sub-RB(k, 1; w) and a sub- 
RB(k, 1; v). 
We also have the following construction. 
Construction 5.6 (Yin [15]). Suppose u, t, w and a are nonnegative integers such that 
a>O. Suppose that the following designs exist: 
(1) an incomplete (k, &frame of type (t, u)“; 
(2) a 0-IRB(k, A; t +a; u+a, w;O); 
(3) an RB(k, I; nu + a). 
Then there exists an RB(k, 2; nt + a) containing a sub-RB(k, 1; w). 
6. Some special cases 
In this section, we construct several ‘small’ RBIBDs which must be handled as 
special cases. Many of these are obtained as applications of the constructions de- 
scribed in Section 5. We also make use of a few special examples. 
Lemma 6.1. There exist incomplete (5,4)-frames of types (21, 1)16 and (26, 1)16. 
Proof. It is known [7] that an AR(5,21) or an AR(5,26) can be generated, respect- 
ively, by a collection of base blocks on Z 21 or Z&. Apply Lemma 5.1 of [16]. 0 
Corollary 6.2 (Yin [15]). RBS(5, 4)~ (340,420). 
Proof. According to Constructions 3.1 and 4.2, there are 2 pairwise-disjoint sub- 
RB(5,4; 5)s in each of the RB(5,4; 25) and the RB(5,4; 30). Apply Construction 5.6 
with k=5, 1=4, t=21,26, u=l, n=16, a=4 and w=5, the required incomplete 
frames come from Lemma 6.1. 0 
Lemma 6.3 (Mullin [8]). There exist a TD(6,28)-TD(6,3) and a TD(6,29)- 
TD(6,4). 
Corollary 6.4. 170~RB,(5,4)nRB,,(5,4), 175~RB*~(5,4). 
Proof. Give weight 1 to each point of the TD(6,28)-TD(6,3) to obtain an incom- 
plete (5,4)-frame of type (28, 3)6. Adjoin two new points to each of its groups. Since an 
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RB(5,4; 20) exists, and an RB(5,4; 30) contains two disjoint sub-RB(5,4; 5)s, we have 
170~RB,,(5,4)nRB,(S, 4). Adjoin also one new point to each group of the incom- 
plete (5,4)-frame of type (29,4)6 to have 175~RB~,(5,4)nRB~(5,4). 
Lemma 6.5. 260~RB,,(5,4). 
Proof. A (5,1)-RGDD of type 513 exists from the existence of an RB(5,1;65). An 
RTD(5,2;4) exists from the existence of an RTD(8,2;4) [4, Theorem 3.111. Give 
weight 4 to each point of the (5,1)-RGDD of type 513, and use the RTD(5,2;4) as 
input design to obtain a (5,2)- RGDD of type 20 I3 Then the conclusion follows from . 
breaking each group with an RB(5,4; 20). 0 
Lemma 6.6. RB(5,4)? (115, 145,210,225,465,475,495, 575, 595,610,665,885, 1070, 
1075, 1090, 1145, 1240, 1310, 1425, 1440, 1460, 1475, 1545, 1710, 2850, 2870, 2875, 
2900, 2910, 2915, 2935, 2950, 2960, 2970, 2975, 2985, 2995, 3000, 3020, 3060, 3070, 
3110, 3115, 3120, 3140, 3170, 3175, 3190,3215, 3225, 3235, 3240, 3250, 3260, 3270). 
Proof. Apply the product constructions with parameters hown in Appendix B. The 
required incomplete TDs come from Lemma 2.1 and Corollaries 2.4 and 2.5, the TDs 
from [2,10,12], and the (incomplete) frames from Lemmas 2.6,2.7 and 2.9. 0 
Corollary 6.7. 690~ RB 1 1 5 (5,4), 1260~RB~~,,(5,4), 1350~RB,,,(5,4), 1560~ 
RB&5,4). 
Proof. 690=115*6, 1260=210.6, 1350=225-6, 1560=260*6. Apply Construction 
3.1. 0 
Corollary 6.8. 1050~RB,,,(5,4)nRB,(5,4), 1300~RB~,&5,4)nRB,(5,4). 
Proof. 1050 = 5.210, 1300 = 5 * 260. Apply Construction 4.2. 0 
Now we start with TDs to construct more RBIBDs. 
Lemma6.9. Suppose N(t)>24, 0<mI,m2<t, w>O, and (t+w, t+5m,+w}s 
RB,(5,4). Then t +5m2 +w~RB(5,4) implies 26t +5m, + 5m2 + WERB~+S~~+,JS,~). 
Further, if t + 5m2 + weRB,(S, 4), then 26t + 5m1 + 5m2 + WERB,(S, 4). 
Proof. Start with a TD(26, t). Give weight 6 to ml points in one group and m2 points 
in another group, and weight 1 to the other points. Apply Lemma 2.6. We fill in 
(5,4)-frames of types 1 , 26 12561 and 12462, where the first one comes from an 
AR(5,26), the second comes fro; a (6,1)-GDD of type lz561, which is obtained from 
a B(6,l; 31), the third is obtained by applying Lemma 2.8 to a (5,4)-frame of type 66 
[7]. These produce a (5,4)-frame of type t24(t + 5ml)‘(t + 5m2)‘. Then the conclusion 
follows from the hypotheses. 0 
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Corollary 6.10. RB(5,4)zS, where S is the set in Appendix C. 
Proof. Apply Lemma 6.9 with parameters hown in Appendix C. 0 
Corollary 6.11. RB(5,4)z{u: 4935<v<6085, u=O(mod5)}. 
Proof. By Lemmas 2.11, 6.7, Corollaries 3.3-3.5,4.5,4.8,6.10, we see that for each 
v~O(mod 5), 705~~~ 1015, there exists an RB(5,4;v). Apply Lemma 6.9 with t= 169, 
w=l, m,=0,55,108,169, and 107dm2<169. Cl 
Using Wilson’s fundamental construction for GDDs [ 141 and Construction 5.2, we 
have the following lemmas which are essentially Theorems 2.17 and 2.20 in [17], 
where B(R$ u (q*}) and R3 should be replaced by RBS(5, 4) and RB(5,4), respectively, 
and the proofs are still valid. 
Lemma 6.12. Suppose N(t)>12,O<sdt. Then 5t+5~RB~(5,4) and 15s+5~RB(5,4) 
imply 65t+15s+5~RB(5,4). Further, if 15s+5~RB~(5,4), then 65t+15s+5~ 
RBs (574). 
Lemma 6.13. Suppose N(t) 2 15,0 <u, w < t. Zf 5t + ~ERB~(~, 4), and at least one of the 
15u + 5 and 5w + 5 belongs to RB,(5,4), the other to RB(5,4), then 75t + 15u + 5w + 
5~RB(5,4). Further, if the other also belongs to RB,(5,4), then 75t + 15u+ 5w+5~ 
RBs (534). 
Corollary 6.14. RB(5,4)?(1060, 1165, 1195, 1210, 1315, 1360, 1390, 1495,1510, 1690, 
1750, 1795, 1965, 1990, 2160, 2265, 6165, 6210, 6240, 6270, 6285, 6315, 6360, 6390, 
6435, 6495, 6510, 6540, 6570, 6585, 6600, 8170, 8190, 9270, 9295, 9310, 9370, 9390, 
9460, 9490, 9550,9570, 9595,9610, 9640, 9670,969O). 
Proof. Apply Lemma 6.12 with parameters shown in Table 2. 0 
Corollary 6.15. RB(5,4) 3 T, where T is the set in Appendix D. 
Table 2 
t=16 1060, 1165, 1195, 1210 
t=19 1315, 1360, 1390, 1495, 1510 
t=25 1690, 1750, 1795, 1990 
t=29 1965, 2160, 2265 
t=89 6165, 6210, 6240, 6270, 6315, 6360, 6390, 6435, 6495, 6510, 6540, 6570, 6585, 6600, 6285 
t= 121 8170, 9295, 9310, 9370, 9460, 9490, 9550, 9595, 9610,9640, 9670 
t=125 8190,9270, 9390, 9570, 9690 
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Proof. Apply Lemma 6.13 with parameters hown in Appendix D. 0 
The following lemma is a modification of [18, Lemma 1.111. 
Lemma 6.16. Suppose q > 0,O <m, u G t, and a TD(22, t) exists, 5t + qERB, (5,4), and at 
least one of the 5m + q and 15~ + 5t + q belongs to RB, (5,4), and the other to RB (5,4). 
Then 105t+5m+15u+qERB(5,4). 
Corollary 6.17. RB(5,4) r> (2840,2860,2865,2890,2895,2940,2990,3010,3015,3035, 
3040, 3045, 3050, 3090, 3095, 3100, 3110, 3135, 3160, 3165, 3195, 3200, 3210, 3225, 
3260, 3290, 3295). 
Proof. Apply Lemma 6.16 with parameters hown in Table 3, in which they are 
denoted briefly by u(t, m, u). We let q = 5. 0 
Lemma 6.18. There exists a (5,4)-frame of type 95l’( lOt)l, where 0 <t < 19. 
Proof. Delete one point from a TD(6, 11) to obtain a ((6, 1 l}, l)-GDD of type 5”lO’. 
Filling in (5,4)-frames of type l6 and 1 11, we obtain a (5,4)-frame of type 5rllO’. We 
also have a (5,4)-frame of type 511 by giving weight 5 to each point of a (5,4)-frame of 
type 1”. 
Give weight 10 to t points of one group of a TD(12,19), and weight 0 to the 
remaining 19-t points of this group, and weight 5 to other points. Then the 
conclusion follows from using (5,4)-frames of type 511 and 51110’ as input 
designs. 0 
Corollary 6.19. RB(5,4)2{1065, 1110, 1150, 1160, 1170, 1175, 1190, 12151. 
Proof. Adjoin 5 (or 20) new points to the (5,4)-frame of type 9511 (lot)‘. Since 
100eRB5(5,4) (or 115~RB*,-,(5,4)), wehave 1045+ lOt+5ERB(5,4) if lOt+5eRB(5,4) 
(or 1045 + lot + 20oRB(5,4) if lot + 206RB(5,4)). The conclusion then follows 
immediately. 0 
Table 3 
2840(25,12, lo), 2860(25,16, lo), 2865(25,20,9), 2890(25,25,9), 2895(25,23, lo), 2940(25,23,13), 
2990(25,12,20), 3010(25,23,18), 3035(25,12,23), 3040(25,19,21), 3045(25,23,20), 3050(25,24,20), 
3090(25,23,23), 3095(25,24,23), 3100(25,25,23), 3110(29,12,0), 3135(29,5,4), 3160(29,22,0), 
3165(29,23,0), 3195(29,23,2), 3200(29,24,2), 3210(29,20,4), 3225(29,29,2), 3260(29,12, lo), 
3290(29,12,12), 3295(29,19, lo), 3015(25,23,18). 
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Lemma 6.20. Suppose (l)N(t)a14; (2) 5t+q~RB,(5,4), q>O; (3) 15u+5w+qE 
RB(5,4), O,<u+w<t. Then 75t+15u+5w+qERB(5,4). 
Proof. Start with a TD(16, t). Give weight 15 to u points of one group, and weight 0 to 
t-u-w points of this group, and weight 5 to the remaining points of the TD. Using 
(6,1)-GDDoftype515,((6,16}, l)-GDD~oftype5’~and5~~15~ [17,Lemma2.19] 
as input designs, we obtain a (5,4)-frame of type (5t)” (15~ + 5~)’ since (5,4)-frames of 
type l6 and 1r6 exist. Then the conclusion follows from Construction 5.2 by adding 
q new points to this frame. 0 
Corollary 6.21. 1635~RB(5,4). 
Proof. llS~RB~~(5,4), 210~RB,,(5,4). Apply Lemma 6.20 with t = 19, u = 12, q = 20 
and w=2. 0 
Lemma 6.22. There exist incomplete frames of type (53,3)*’ and (54,4)*l. 
Proof. By Corollary 2.5, we have a TD(6,53)-TD(6,3) and a TD(6,54)-TD(6,4) 
since 53 =7*7+ 1 + 3 and 54=7.7+ 1+4. Delete the last group of the incomplete 
TDs to obtain an RTD(5,53)-RTD(5,3) and an RTD(5,54)-RTD(5,4). Apply 
Lemma 2.7. Then the conclusion follows from the existence of a (5,4)-frame of 
type 1*r. 0 
Corollary 6.23. (1115,1135} c RB(5,4). 
Proof. Adjoin 2 new points to the incomplete (5,4)-frame of type (53,3)*l and another 
new point to the incomplete (5,4)-frame of type (54,4)*‘, respectively. Then apply 
Construction 5.1. 0 
Corollary 6.24. 9700~ RB (5,4). 
Proof. 9740 = 5.1940. Apply Construction 4.2. 0 
7. The spectrum 
Summarizing the above-known results, we have the following theorem. 
Theorem 7.1. For each positive integer v~O(mod 5), 5~~66595, 8135<vv8245, 
9210< v,<9745, v# 10, and v not in Table 1, there exists an RB(5,4; v). 
Lemma 7.2. 15~ + 5 ERB~ (5,4) whenever u = 0 (mod 4) and u 2 20. 
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Proof. {665,785,905,1145,1385,1505,2705,3785} cRB,(S, 4) follows from Lemma 
6.6, Corollaries 3.3,6.6,6.10 and 6.15. For the remaining cases, see Lemma 2.11. 0 
Lemma 7.3. Suppose {5a+5,5b+5} sRB(5,4), and a<(18b-- 109)/15. Ifp=5a+4, 
q=5b+4, then (5p+5, 5q+5}&RBS(5,4), and p<(18q-109)/15. 
Proof. Apply Construction 4.2 with u = k = 5 and ,I= 4 to obtain 5(5a + 5) = 5p + 
5~RB,(5,4) and 5(5b+5)=5q+5ERB,(5,4). p=5a+4<(18q-109)/15. •I 
Now we are in the position to prove the following lemma. 
Lemma 7.4. Suppose there is an injinite series of positive integers (ti}i=o, 1,2,,., such 
that, for each i, i=O, 1,2,. . . , 
(1) N(ti)> 15, tizO(mod4), ti>74; 
(2) 5ti+5ERBg(5,4); 
(3) ti~ti+l~(18ti-109)/15. 
Then u~RB(5,4) whenever uEO(mod5) and v>75to+675. 
Proof. Apply Lemma 6.13 with t=ti, i=O, 1,2, . . . . 20<u<tiy uzO(mod4), 
w = 59,72,25,74,63,28,29,30,43,44,33,34, to obtain an RB(5,4; u) whenever 
u=5w+5(mod60) and 75ti+15.20+5w+5<U<90ti+SW+5, where 5~+5~0,5, 
10,15,20,25,30,35,40,45,50,55 (mod 60). By Theorem 7.1, we have 5w + 5~RB(5,4). 
Then u~RB(5,4) whenever u=O(mod5) and 75ti+ 15.20+375<u<90ti+ 130. Since 
ti~ti+1~(18ti-109)/15, we have 75ti+15.20+375<75ti+,+15.20+375<90ti+130. 
Hence, u~RB(5,4) whenever u=O(mod 5) and u>75t, + 15.20+375=75t0+675. 0 
We define a series {Xi}i = 0, 1,2,. as follows: 
to = 384, tl = 432, t2 =448, t3 = 480, t4 = 496, t5 = 528, t,j = 544, t7 = 592, t8 = 624, 
t,=656, t,,=704, t,,=768, t,,=816, t,,=864, t,,=928, t,,=l008, t,,=l104, 
t17 = 1216, t18 = 1356, t19 = 1520, tzo = 1712, tZ1 = 1944, tzz =2228, tz3 =2560, 
tz4 = 2960, tz5 = 3448, tz6 = 4032, t2, = 4732, tzs = 5572, t29 = 6576, t30 = 7788, 
tJ1 =9240, t32= 10984. 
For j = i + 12 > 33, we recursively define 
tj=5ti+4. 
We can prove the following lemma. 
Lemma 7.5. The series (ti}i = o, 1,2,... de$ned above sati$es the conditions of Lemma 
7.4, where to=384. 
Proof, We check the conditions of Lemma 7.4 one by one. 
(1): ti>74 for each i;tiEO(mod4) for O<i<32, and tj=5ti+4ztirO(mod4) for 
j>33;N(ti)> 15 for O<i<31 [2], N(t)> 15 when t>,10633 [3]. 
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(2) For O<i<32, 5ti+5ERB,(5,4) follows from Lemma 2.11 and Corollary 6.10. 
For each j> 33, it is obvious since we have already checked the first 32 terms, and we 
have the recursive definition of ti + 1 z = 5ti + 4 and Lemma 7.3. 
(3): We need only to check the first 32 terms since we have the recursive definition 
of ti and Lemma 7.3. Simple calculation shows that the condition (3) is also satisfied. 
These complete the proof of the lemma. 0 
As an immediate consequence ofLemmas 7.4 and 7.5, we have the following theorem. 
Theorem 7.6. v~RB(5,4) whenever o= 0 (mod 5) and u > 29475. 
Proof. Apply Lemma 7.4 with t,=384. 0 
Similarly, we have the following theorem. 
Theorem 7.7. UERB(S, 4) whenever uEO(mod5) and u~[6600,29470]-[8135, 
8245]- [9210,9745], where [m, n] = {u: u is an integer such that m < u < n}. 
Proof. Apply Lemma 6.13 with t = 79,83,89,101,121,137,149,169,193,199,229, 
256,283,331. 0 
Hence, we obtain the main result of this paper. 
Theorem 7.8. The necessary condition for the existence of RB(5,4; u), namely 
urO(mod 5), is also su$icient with one exception of u = 10, and at most 73 possible 
exceptions hown in Table 1. 
Proof. Combine Theorems 7.1,7.6,7.7 with Lemma 2.10. 0 
Appendix A 
109 values of u for which an RB(5,l; u) is unknown to exist 
45 105 145 165 185 225 245 285 345 465 525 565 
585 645 665 705 765 785 825 885 925 945 1005 1045 
1065 1145 1165 1185 1245 1305 1385 1425 1485 1545 1605 1665 
1725 1845 1905 1965 2085 2145 2205 2265 2325 2385 2445 2505 
2565 2685 2745 2865 2985 3045 3105 3165 3225 3345 3465 3525 
3585 3645 3705 3765 3785 3885 3945 4065 4185 4245 4365 4425 
4485 4545 4605 4665 4725 4785 4845 4905 4965 5025 5085 5145 
5385 5445 5685 5745 5865 5925 5985 6045 6165 6225 6285 6345 




Proof of Lemma 6.6 
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1075 = 6 179+1 
1090= 1 1 .99+1 
1145= 1 1 *104+1 
1240=6 206+4 
1310= 1 1 *119+1 
1425=6 230+45 
1440=6 233 +42 

















TD(6,19), RB(5,4; 20) 
TD(6,24), RB(5,4; 25) 
TD(6,499)-TD(6,19), RB(5,4; 115) 
TD(ll, 19), RB(5,4; 20) 
AR(5,l l), TD(6,20), RB,(5,4; 25) 
TD(16,29), RB(5,4; 30) 
TD(6,79), RB(5,4; 80) 
AR(5,26), TD(6,19), RB(5,4; 20) 
TD(6,95), RB5(5, 4; 100) 
TD(6,99), RB(5,4; 100) 
TD(21,29), RB(5,4; 30) 
TD(6,108)-TD(6,8), RB,,(5,4; 125) 
AR(5,l l), TD(6,80), RB,(5,4; 85) 
TD(6,178)-TD(6,3), RBS(5,4; 180) 
TD(6,179) - TD(6,4) 
AR(5,l l), TD(6,99), RB(5,4; 100) 
AR(5,l l), TD(6,104), RB(5,4; 105) 
TD(6,206)-TD(6,16), RB,,(5,4;210) 
AR(5,l l), TD(6,119), RB(5,4; 120) 
TD(6,230)-TD(6, lo), RBS5(5, 4; 275) 
TD(6,233)-TD(6,13), RB(5,4; 120) 
TD(6,240), RB,,(5,4; 260) 
TD(6,240)-TD(6,20), RB,,(5,4;275) 
AR(5,l l), TD(6,140), RB5(5, 4; 145) 
TD(6,282)-TD(6,2), RB2,,(5,4; 300) 
TD(6,474)-TD(6,24), RB&5,4; 480) 
TD(6,478)-TD(6,28), RB(5,4; 170) 
TD(6,479)-TD(6,29), RB(5,4;175) 
TD(6,480), RB&5,4; 500) 
TD(6,482) - TD(6,2) 
TD(6,483)-TD(6,8), RBz5(5,4; 500) 
TD(6,487) - TD(6,7) 
TD(6,490)-TD(6,15) 
TD(6,492) - TD(6,12) 
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TD(6,485)-TD(6, lo), RB,,,(5,4; 575) 
TD(6,489)-TD(6,14), RB(5,4; 170) 
TD(6,497)-TD(6,22), RB(5,4;210) 
TD(6,499) - TD(6,24), RB(5,4; 220) 
TD(6,507) - TD(6,32), RB(5,4; 260) 
TD(6,508) - TD(6,33), RB(5,4; 265) 
TD(6,519)-TD(6,19), RB,,(5,4; 525) 
TD(6,523) - TD(6,3), RB5(5, 4; 525) 
TD(6,528) - TD(6,3), RB,(5,4; 530) 
TD(6,529) - TD(6,4) 
TD(6,523) - TD(6,48), RB(5,4; 340) 
TD(6,528)- TD(6,53), RB(5,4; 365) 
TD(6,530)- TD(6,55), RB(5,4; 375) 
TD(6,532)- TD(6,57), RB(5,4; 385) 
TD(6,533)- TD(6,58), RB(5,4; 390) 
TD(6,535)- TD(6,60), RB(5,4; 400) 





















Proof of Corollary 6.10 
t W ml S 
25 5 0 690,705, 710, 750, 770 
25 5 5 715, 735, 765, 795 
25 5 7 740, 760 
25 5 10 790, 800 
25 5 11 785, 810 
25 5 15 815, 820 
25 5 18 835, 840, 860 
25 5 19 850, 875 
25 5 20 870 
25 5 24 890, 895 
29 1 7 910,915 
29 1 18 960, 970, 985, 990 
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995, 1000, 1045 
1665 
1695, 1700, 1715, 1770, 2000 
1720, 1735, 1740, 1790, 1810, 2010 
1725, 1755, 1760, 1815, 1820, 1850, 1915 
1845, 1870, 1895, 1910 
1835, 1860, 1935, 2075,2085 
1840,1940,1995,2015,2020,2035,2040,2070,2090,2095,2100 

















2440, 2445, 2460, 2510, 2535, 2565, 2570, 2585, 2620, 2640, 
2660, 2685,2715, 2740, 2810 
2450, 2470, 2475, 2490, 2495, 2500, 2515, 2520, 2540, 2550, 
2575, 2590, 2595, 2635, 2670, 2675, 2690, 2695, 2710, 2735, 
2745, 2750, 2760, 2770, 2790,2795,2800,2815,2820, 2835 
3255, 3270, 3275, 3280, 3295, 3300, 3335, 3345, 3350, 3385, 
3390, 3450, 3465, 3490, 3500, 3510, 3515, 3525, 3550, 3570, 
3575, 3590, 3600, 3610, 3620, 3635, 3645, 3670, 3700, 3720, 
3735, 3750, 3790, 3810, 3815,3835, 3850, 3840 
Appendix C (continued) 
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3310, 3315, 3320, 3360, 3415, 3420, 3440, 3460, 3470, 3495, 
3520, 3540, 3560, 3585, 3595, 3615, 3640, 3660, 3695, 3715, 
3740, 3760, 3765, 3770, 3795, 3820, 3825, 3845 
3325, 3370, 3410, 3475, 3485, 3535, 3675, 3690, 3800 
3340, 3375, 3710 




3855, 3935, 3990 
3940,431o 
3870, 3885, 3910, 3945, 4000, 4040, 4060, 4095, 4160, 4185, 
4315,4335,4390,4420 
3875, 3890, 3915, 3950, 4020, 4065, 4100, 4110, 4120, 4190, 
4210, 4220, 4240, 4290, 4300, 4320, 4340, 4365, 4395, 4410, 
4425,4450,4470,4485 
3880, 3895, 3920, 3960, 3970, 4010, 4015, 4050, 4070, 4075, 
4090, 4115, 4135, 4140, 4170, 4175, 4195, 4215, 4235, 4245, 




4545, 4550, 4565, 4590, 4600, 4610, 4615, 4625, 4645, 4670, 
4675, 4690, 4700, 4710, 4720, 4725, 4735, 4745, 4750, 4770, 
4800, 4820, 4835, 4845, 4850, 4890, 4910, 4915, 4935, 4940, 
4960,4965,4970,4975 
4510, 4535, 4560, 4570, 4595, 4620, 4635, 4660, 4695, 4715, 
4740,4760, 4785, 4840,4860,4895, 4920 
4540,4640,4665,4795, 4815,487O 
4515, 4810 
6090, 6095, 6100, 6110, 6115 
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Proof of Corollary 6.15 


































1295, 1330, 1360 
1340, 1385 
1370, 1375, 1415, 1435 
1390, 1395, 1420 
1450, 1455, 1480, 1510 
1470, 1540 
1490, 1515, 1550, 1570 
1610 
1640, 1660 
1615, 1670, 1675 
6135,6190,6200, 6225,6250,6290, 6310 
6215,6220,6295, 6320,634O 





6500,6515,6520, 6535, 6550, 6560, 6575,6595 
6590 
8135, 8140, 8160, 8200, 8210,8235 
8195, 8215, 8220, 8240 
9210,9215 
9250, 9335, 9340, 9350, 9395, 9415, 9440, 9475, 9495, 9500, 9540, 
9560,9575,9595,9600,9620,9675 
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